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Paper: Part A-Calc / Series: 2001 / Difficulty: Hard / Question Number: 2

t W(r)
(days) (°0)
0 20
3 31
6 28
9 24
12 22
15 21

2. The temperature, in degrees Celsius (°C), of the water in a pond is a differentiable function W of time t.
The table above shows the water temperature as recorded every 3 days over a 15-day period.

(a) Use data from the table to find an approximation for W’(12). Show the computations that lead to your
answer. Indicate units of measure.

(b) Approximate the average temperature, in degrees Celsius, of the water over the time interval 0 < ¢ < 15
days by using a trapezoidal approximation with subintervals of length Ar = 3 days.

(c) A student proposes the function P, given by P(t) = 20 + 10¢e7?)

the water in the pond at time ¢, where ¢ is measured in days and P(r) is measured in degrees Celsius.
Find P’(12). Using appropriate units, explain the meaning of your answer in terms of water temperature.

, as a model for the temperature of

(d) Use the function P defined in part (c) to find the average value, in degrees Celsius, of P(¢) over the time
interval 0 < ¢ < 15 days.
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Paper: Part B-Non-Calc / Series: 2003-Form-B / Difficulty: Easy / Question Number: 6

6. Let f be the function satisfying f’(x) = x.{f(x) for all real numbers x, where f(3) = 25.
(2) Find f”(3).

d
(b) Write an expression for y = f(x) by solving the differential equation ay = x,/y with the initial
condition f(3) = 25.
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. The figure above shows the graph of f’, the derivative of the function f, on the closed interval -1 < x < 5.

The graph of f’ has horizontal tangent lines at x = 1 and x = 3. The function f is twice differentiable with
f2) =6

(a) Find the x-coordinate of each of the points of inflection of the graph of f. Give a reason for your answer.

(b) At what value of x does f attain its absolute minimum value on the closed interval —1 < x < 57 At what

value of x does f attain its absolute maximum value on the closed interval —1 < x < 5? Show the analysis
that leads to your answers.

(c) Let g be the function defined by g(x) = xf(x). Find an equation for the line tangent to the graph of g
at x = 2.
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6. The twice-differentiable function f is defined for all real numbers and satisfies the following conditions:
f(0)=2, f(0)=-4, and f£"(0) = 3.

(2) The function g is given by g(x) = ¢* + f(x) for all real numbers, where a is a constant. Find g’(0) and
g”(0) in terms of a. Show the work that leads to your answers.

(b) The function 4 is given by A(x) = cos(kx) f(x) for all real numbers, where k is a constant. Find A’(x) and
write an equation for the line tangent to the graph of & at x = 0.
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Let f be the function defined by f(x) = cos(2x) + "™ *.

Let g be a differentiable function. The table above gives values of g and its derivative g’ at selected values
of x.

Let / be the function whose graph, consisting of five line segments, is shown in the figure above.

(a) Find the slope of the line tangent to the graph of fat x = .
(b) Let k be the function defined by k(x) = A(f(x)). Find k"(x).
(c) Let m be the function defined by m(x) = g(—2x) - h(x). Find m"(2).

(d) Is there a number c¢ in the closed interval [—5, —3] such that g’(c) = —4 ? Justify your answer.
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5. Let f be the function defined by f(x) = e*cos x.
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(a) Find the average rate of change of f on the interval 0 € x < &.

£Y4
(b) What is the slope of the line tangent to the graph of f at x = e ?

(c) Find the absolute minimum value of f on the interval 0 < x < 2. Justify your answer.

T
(d) Let g be a differentiable function such that g(E) = 0. The graph of g, the derivative of g, is shown

x
) or state that it does not exist. Justify your answer.

below. Find the value of lim

x—ozf2 g(x)
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Graph of g’
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2
6. Functions f, g, and h are twice-differentiable functions with g(2) = h(2) = 4. The line y =4 + g(x —2)is
tangent to both the graph of g at x = 2 and the graph of & at x = 2.
(a) Find 1'(2).

(b) Let a be the function given by a(x) = 3x°h(x). Write an expression for a’(x). Find a’(2).

2

—4
(c) The function h satisfies h(x) = x73 for x # 2. Itis known that lim h(x) can be evaluated using
1 - (f(x) x—2
L’Hospital’s Rule. Use lim A(x) to find f(2) and f’(2). Show the work that leads to your answers.

x—2

(d) Itis known that g(x) < h(x) for 1 < x < 3. Let k be a function satisfying g(x) < k(x) < h(x) for
1 < x < 3. Is k continuous at x = 2 ? Justify your answer.
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-4

Graph of f

4. Let f be a continuous function defined on the closed interval —4 < x < 6. The graph of f, consisting of four

line segments, is shown above. Let G be the function defined by G(x) = J: f(z) dt.

(a) On what open intervals is the graph of G concave up? Give a reason for your answer.

(b) Let P be the function defined by P(x) = G(x) - f(x). Find P*(3).

e Glx)
(c) Find lim -
-2 x° — 2x

(d) Find the average rate of change of G on the interval [—4, 2]. Does the Mean Value Theorem guarantee a
value ¢, —4 < ¢ < 2, for which G’(c) is equal to this average rate of change? Justify your answer.
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Consider the function y = f(x) whose curve is given by the equation 2y2 — 6 =ysinx fory > 0.

dy ycCos X
Show that — = ———.
(2) Show that & - = o Gnx

(b) Write an equation for the line tangent to the curve at the point (0, J3 ).

(c) For 0 <x <x and y > 0, find the coordinates of the point where the line tangent to the curve is
horizontal.

(d) Determine whether f has a relative minimum, a relative maximum, or neither at the point found in
part (c). Justify your answer.
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fe)l 10| 7| 4| s

. 3
Fx) 5 -8 3 6
g(x) 1 2 -3 0
g'(x) 5 2

5. The functions f and g are twice differentiable. The table shown gives values of the functions and their first
derivatives at selected values of x.

(a) Let h be the function defined by A(x) = f(g(x)). Find A’(7). Show the work that leads to your answer.

(b) Let k be a differentiable function such that k&’(x) = (f (x))2 - g(x). Is the graph of k concave up or concave
down at the point where x =4 ? Give a reason for your answer.

(c) Let m be the function defined by m(x) = 5x° + I; f(¢) dt. Find m(2). Show the work that leads to your

dnswer.

(d) Is the function m defined in part (c) increasing, decreasing, or neither at x = 2 ? Justify your answer.
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